
S I M U L A T I O N  O F  T H E  C U R R E N T  D I S T R I B U T I O N  IN A C O A X I A L  

C H A N N E L  W H E N  T H E  C O N D U C T I V I T Y  IS A N I S O T R O P I C  

B.  A .  K o n y a e v  a n d  G. B.  P a r f e n o v  

We discuss  the simulation of the potential and current  distributions in a medium with an anisotropic 
conductivity for the ax i symmet r ic  case. 

Solutions of the problem of the potential and current  distributions in a medium having an anisotropic 
conductivity have appeared in a number of papers  [1-3]. The solution of three-dimensional  problems when 
the Hall constant cot ~ 0 is ve ry  difficult. In some special  cases  the solution is simplified since e lectr ic  
simulation is possible by using a mater ia l  with an appropriate  conductivity tensor  [4]. Simulating an aniso-  
t ropic conductivity presents  cer ta in  technical difficulties, however [4, 5]. 

Methods a re  descr ibed for producing models with an anisotropic conductivity for the two-dimensional  
case only. 

A simple solution of the problem in the ax i symmet r ic  case (r, 0, z axes) is possible under the follow- 
ing simplifying assumptions:  

1) the e lec t r ica l  conductivity of the medium a = const; 

2) the Hall constant w~r = const; 

3) the magnetic induction B has components (0, 0, Bz); 

4) the e lec t r ic  field can be descr ibed by a potential ~o; 

5) the velocity V has components (0, 0, Vz). 

The potential and cur ren t  distribution pat terns  can be found by solving the equations 

0)T divj----O, ~gradq)~- - i - l -~ j •  (1) 

where j is the cur rent  density, with the boundary conditions on a conductor 

o~V~ BnB.~/ B~ 
(p = eonst, /.. -- i + co~'r~(Br,/B) 2 /'a (2) 

and on an insulator 

O(p O)2r . 0r (3) 
On -- - -  l -k ~ (B n / B)~ O'c 

In Eqs. (2) and (3) n and T are  the outward normal  and tangent to the channel wall. To the boundary 
conditions (2) and (3) a re  added the asymptotic conditions at infinity and the condition that no current  flows 
toward the axis of symmet ry .  
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It i s  c l e a r  t ha t  b o u n d a r y  cond i t i ons  (2) and (3) a r e  d i f -  
f i cu l t  to s i m u l a t e .  At  the  s a m e  t i m e  i t  is  e a s y  to  show tha t  
r e p l a c i n g  the i ndependen t  v a r i a b l e s  r and z by r and  z ' ,  w h e r e  
z '  = z/v~l  + ~2r2, r e d u c e s  the  p r o b l e m  unde r  d i s c u s s i o n  to tha t  
of so lv ing  L a p l a c e ' s  equa t ion  

a~  1 a . acp 
az'2 + ~- ~-r r--37-r : 0 (4) 

and  the  c o r r e s p o n d i n g  equa t ion  [6] fo r  the  c u r r e n t  funct ion  U 

a 1 OU 0 1 OU OU OU 
az'  r az '  4 -  Or r �9 ~ = 0 '  ~ : 2~rl'zs, ~ = - -  2nr[  r (5) 

wi th  b o u n d a r y  cond i t i ons  a t  in f in i ty  and on the a x i s  of s y m -  
m e t r y ,  and  a l s o  wi th  the  cond i t i ons  ~ = cons t ,  Jr = 0 on a c o n -  
d u c t o r  and  Jn = 0 on an  i n s u l a t o r .  

The  so lu t ion  of (4) wi th  the  b o u n d a r y  cond i t ions  s t a t e d  
can  be o b t a i n e d  by s i m u l a t i o n  in an  e l e c t r o l y t i c  t ank  [6]. The  
t h i c k n e s s  6 of the  l a y e r  of e l e c t r o l y t e  in the  t ank  m u s t  s a t i s f y  
the  r e l a t i o n  ~(r ,  z ' )  = k r ,  w h e r e  k i s  a c o n s t a n t .  

R e t u r n i n g  to the  p r o b l e m  of  the  nonun i fo rm  m e d i u m  Eq.  
(5) can  be s o l v e d  in an e l e c t r o l y t i c  t ank .  In t h i s  c a s e  the  t h i c k -  

n e s s  of the  l a y e r  of  e l e c t r o l y t e  in the  t ank  m u s t  s a t i s f y  the  r e l a t i o n  5(r ,  z ' )  = k / r ,  w h e r e  k is  a cons t an t .  A 
c o p p e r  p l a t e  i s  p l a c e d  a long  the  a x i s  of s y m m e t r y  to  l i m i t  6 a t  r = 0. 

The  s t r u c t u r e  of the  channe l  s t ud i ed  i s  shown in F i g .  l a .  A c u r r e n t  of i n t e r m e d i a t e  f r e q u e n c y  was  
u s e d  in the  s i m u l a t i o n .  A b r i d g e  c i r c u i t  was  u s e d  to f ind  the  p o t e n t i a l  d i s t r i b u t i o n  in the  e l e c t r o l y t e .  

In a c c o r d  wi th  the  change  of independen t  v a r i a b l e s  i n t r o d u c e d ,  the  magn i tude  of wr d e t e r m i n e s  the  
d e f o r m a t i o n  of the  channe l  n e c e s s a r y  fo r  i t s  s i m u l a t i o n  i n r ,  z '  c o o r d i n a t e s .  In mak ing  the  m o d e l o f t h e  channe l  
in r ,  z '  c o o r d i n a t e s  the  s c a l e  in the  z '  d i r e c t i o n  is  c h o s e n  ~/1 + CO2T 2 t i m e s  s m a l l e r  than  in the  r d i r e c t i o n .  
F o r  s u f f i c i e n t l y  l a r g e  v a l u e s  o f~T  such  tha t  Da m a x  >> L a / ~  and  any  shape  channe l ,  the  c o n f i g u r a t i o n  
of  e l e c t r o d e s  in the  r z '  p l a n e  w i l l  be on ly  s l i g h t l y  d i f f e r e n t  f r o m  e l e c t r o d e  s in the f o r m  of th in  d i s k s  of d i a m e t e r s  
D o and Da m a x - D a  and p l a c e d  in  the  p l a n e  z '  = 0 (F ig .  l a ) .  The  q u a n t i t i e s  Do, Da,  Da max ,  and L a a r e  shown 
in Fig. la. 

To solve system (i) the distribution obtained in the simulation in rz' coordinates must be transformed 
to r z .  

It f o l l ows  f r o m  the  a b o v e  tha t  fo r  wT >> L a / D a  m a x  the  shape  of the  e l e c t r o d e s  does  n o t  s i g n i f i c a n t l y  
a f f ec t  the  p o t e n t i a l  d i s t r i b u t i o n  o r  the  c u r r e n t s  o u t s i d e  the  o u t e r  e l e c t r o d e .  The  r e s u l t s  shown in F i g .  l a  
i l l u s t r a t e  t h i s  a s s u m p t i o n .  F i g u r e  l a  shows  a g r a p h  of the  c u r r e n t  d i s t r i b u t i o n  fo r  wr = 10 fo r  two d i f f e r -  
en t  e l e c t r o d e  c o n f i g u r a t i o n s .  The  p a r t  of  the  g r a p h  to the  r i g h t  of the  a x i s  of s y m m e t r y  c o r r e s p o n d s  to an 
e x p e r i m e n t  in which  the  o u t e r  e l e c t r o d e  was  c o n i c a l  a s  shown in the  f i g u r e ,  in ob ta in ing  the  m e a s u r e m e n t s  
shown on the  le f t  s ide  of the  g r a p h  the  o u t e r  e l e c t r o d e  was  a d i sk .  It i s  cl e a r  tha t  fo r  z >> L a  the  c u r r e n t  
d i s t r i b u t i o n s  in the  two e x p e r i m e n t s  a r e  on ly  s l i g h t l y  d i f f e r e n t  f r o m  one a n o t h e r .  

Some of the  c u r r e n t  d i s t r i b u t i o n s  o b t a i n e d  in the  s i m u l a t i o n  of the  channe l  in the  r z  p l ane  a r e  shown 
in F i g .  l b  and  c.  T h e s e  f i g u r e s  show the e f fec t  of wT on the c u r r e n t  d i s t r i b u t i o n .  The c u r r e n t  d i s t r i b u t i o n  
in F i g .  l c  to the  le f t  of the  ax i s  of s y m m e t r y  i s  fo r  wT = 0 and t ha t  to  the  r i g h t  fo r  ~ r  = 1. In F ig .  l b  wT = 5 
to the  l e f t  of the  a x i s  of  s y m m e t r y  and  wr = 10 to the  r i g h t .  It is  c l e a r  t ha t  the  r e g i o n  o c c u p i e d  by the c u r -  
r e n t s  i n c r e a s e s  wi th  wr .  F o r  , la rge  wT the  r e g i o n  o c c u p i e d  by  the  c u r r e n t s  in the  d i r e c t i o n  of the  z a x i s  
i n c r e a s e s  l i n e a r l y  wi th  a~r s i n c e  z ~  z ' ~ .  

The  a z i m u t h a l  Ha l l  c u r r e n t  J0 can  be c a l c u l a t e d  f r o m  the  known c u r r e n t  d i s t r i b u t i o n  in the  r z  p l ane .  
It fo l lows  f r o m  Eq.  (1) t ha t  

o~  t OU (r, z') 
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When w~ is l a rge ,  the function U(r, z') and its der ivat ive  0U/3z '  v a r y  slowly with the Hall constant  
so that  the az imuthal  cu r r en t  densi ty distr ibution in r z  T coordinates  will a lso va ry  slowly with ~ r .  The 
az imutha l  cu r r en t  densi ty hardly  changes as wT increases ,  and the to ta l  az imuthal  cu r ren t  

will i nc r ea se  l inear ly  with cot s ince z ~ z'w~. 

U~ = l iedrdz 
s 
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